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We calculate the electronic and rovibrational structure of the 14-electron 23Na6Li molecule in the
a
3Σ+ state with spectroscopic accuracy (< 0.5 cm−1) using state-of-the-art ab initio methods of
quantum chemistry. We show that the inclusion of higher-level excitations, core-electron correla-
tion, relativistic, QED, and adiabatic corrections is necessary to reproduce accurately scattering and
spectroscopic properties of alkali-metal systems. We obtain the well depth, De = 229.9(5) cm
−1,
the dissociation energy, D0 = 208.2(5) cm
−1, and the scattering length, as = −84
+25
−41 bohr, in
good agreement with recent experimental measurements. These values are obtained without any
adjustment to experimental data, showing that quantum chemistry methods are capable of predict-
ing scattering properties of many-electron systems, provided relatively weak interaction and small
reduced mass of the system.
Introduction. The realization of ultracold gases of
atoms and molecules has allowed for numerous un-
precedented experiments probing quantum phenomena
in physics and chemistry [1, 2]. Ultracold molecules such
as KRb [3], RbCs [4, 5], NaK [6], NaRb [7] have been
produced in their ground rovibrational and electronic
states and employed in ground-breaking experiments on
controlled chemical reactions [8–12] and quantum many-
body dynamics [13]. Recently, NaLi molecules in the
ground rovibrational level of the lowest triplet electronic
state have been created and investigated [14–18]. These
molecules possess both electric and magnetic dipole mo-
ments [19], making them promising candidates for var-
ious applications in the quantum simulation of many-
body physics [20]. On the other hand, high precision
spectroscopy of ultracold molecules allows for tests of
fundamental theories [21, 22], while ultracold molecular
collisions can be useful to probe intermolecular interac-
tions [23, 24].
The electronic structure calculations for few-electron
atoms and molecules (up to four electrons) have reached
unparalleled accuracy. The nonrelativistic electronic
Schro¨dinger equation can be solved almost exactly for
such systems, while relativistic, quantum electrodynam-
ics (QED), adiabatic, and nonadiabatic corrections can
be included in a systematic and controlled way [25–
32]. Calculations of the interaction potential well depth
for the simplest H2 [32] and He2 [30] molecules have
achieved uncertainties as small as 2× 10−5 cm−1 (1 ppb)
and 10−4 cm−1 (20 ppm), respectively. High accuracy has
also been presented for systems involving weak interac-
tions with light H2 or He, e.g. H2+CO [33], H2+He [34,
35], He+Rb [36], and H2+Li [37]. Recently, the six-
electron Li2 [38] and eight-electron Be2 [39] molecules
were investigated, including leading relativistic and QED
corrections, with the uncertainty of the well depth of
0.3 cm−1 (0.9h) and 2.5 cm−1 (3h), respectively.
Despite many successes in the theoretical description
of few-electron molecules as well as ultracold atomic and
molecular gases, the interatomic interactions between ul-
tracold alkali-metal or alkaline-earth-metal atoms have
never been described accurately enough to predict the
scattering length solely based on ab initio electronic
structure calculations without any adjustment to experi-
mental data [40]. The exponential increase of the compu-
tational cost related to the growth of many-electron wave
functions and related Hilbert spaces with the number of
involved particles is the main reason [41].
Here, we report accurate calculations of the electronic
and rovibrational structure of the 23Na6Li molecule in
the triplet a3Σ+ electronic state. NaLi contains 14
electrons. Despite the large number of electrons, we
reach spectroscopic accuracy (< 0.5cm−1) using state-
of-the-art ab initio methods of quantum chemistry, in-
cluding the coupled-cluster wave functions and Gaus-
sian single-particle basis sets extrapolated to the com-
plete basis set limit. We predict the dissociation en-
ergy of 208.2(5) cm−1 for the ground triplet-state 23Na6Li
molecule and the scattering length of −84+25
−41 bohr for the
spin-polarized 23Na+6Li collisions, both in good agree-
ment with experimental data [15, 17, 42, 43]. We cal-
culate and show that the inclusion of higher-level exci-
tations, core-electron correlation, relativistic, QED, and
adiabatic corrections is necessary to reproduce accurately
considered scattering and spectroscopic properties. We
demonstrate that quantum chemistry methods are capa-
ble of predicting scattering properties of many-electron
systems without any adjustment to experimental data.
Finally, we show that the recent experimental potential
obtained as a fit to a highly accurate vibrational spec-
trum [17] has an inaccurate shape and thus may not re-
produce the rotational spectrum correctly.
Electronic structure. The exact many-electron cal-
culations using the full configuration interaction (FCI)
method are infeasible for 14-electron molecules [41].
Therefore to obtain the potential energy curve (PEC) for
the 23Na6Li molecule in the a3Σ+ electronic state within
the Born-Oppenheimer approximation, we employ the
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FIG. 1. Interaction energy as a function of the internuclear
distance for the a3Σ+ electronic state of the NaLi molecule
from nonrelativistic Born-Oppenheimer calculations at the
RHF, MP2, CISD, CISD+Q, MRCISD, CCSD, CCSD(T),
and CCSDT levels of theory. The inset shows an enlarged part
around the equilibrium distance. The experimental V Exp [17]
and total present V The potentials are plotted for comparison.
See the text for details.
composite approach and calculate different contributions
to the electronic interaction energy, Vint, separately [44]
Vint = V
CCSD(T)
BO + δV
TQP
BO + δVrel + δVQED + δVad , (1)
where each term is computed using the highest level of
available theory. V
CCSD(T)
BO is the leading part of the
interaction energy obtained using the restricted open-
shell coupled cluster method including single, double, and
noniterative triple excitations, RCCSD(T) [45]. δV TQPBO
stands for the contribution from the inclusion of higher-
level excitations in the coupled-cluster wave function [46].
δVrel counts for the leading relativistic effects (∼ α
2) [47].
δVQED estimates the leading quantum electrodynamics
(QED) correction (∼ α3) [48]. δVad is the diagonal adia-
batic (Born-Oppenheimer) correction [49].
The orbitals of Na and Li atoms are constructed us-
ing the augmented correlation-consistent polarized core-
valence Gaussian basis sets, aug-cc-pCVnZ with n =
T,Q, 5 [50], additionally augmented by the set of the
[3s3p2d1f1g] bond functions (BF) [51]. We also develop
and employ larger basis sets of quality approaching aug-
cc-pCV6Z and optimized for the ground-state interac-
tions in the Li2 and Na2 dimers. The interaction ener-
gies are obtained with the supermolecular method with
the basis set superposition error (BSSE) corrected by us-
ing the counterpoise correction [52]. The energies and
interaction-induced properties are appropriately extrap-
olated to the complete basis set (CBS) limit [53]. The
nonrelativistic calculations are performed with the Mol-
pro and MRCC packages of ab initio programs [54–56],
while the relativistic and adiabatic corrections are calcu-
lated using the CFOUR and DIRAC packages [57, 58].
The uncertainties of calculated energies are estimated
based on the analysis of the convergence with the size
of employed bases sets and wave functions. The leading
V
CCSD(T)
BO term is calculated for 120 distances between
6 bohr and 50 bohr (every 0.1 bohr around the equilib-
rium distance), while other terms are calculated for 50
distances. Next, they are interpolated using the cubic
spline method, which is used instead of fitting analytical
functions to avoid fitting errors.
Nonrelativistic interaction potential. The dominating
part of the nonrelativistic interaction energy can be de-
composed into the Hartree-Fock (mean-field) and corre-
lation parts [41]. The restricted Hartree-Fock (RHF)
contribution to the well depth at the equilibrium dis-
tance of the final interaction potential, Re = 8.924, is
207.46(1) cm−1. The positive sign means that the NaLi
system in the a3Σ+ electronic state is not bound when be-
yond mean-field corrections are not included (see Fig. 1).
To calculate the correlation energy we use the hierarchy
of the coupled cluster methods [59] and its final contribu-
tion to the well depth at Re is V
corr
e = −438.7(3) cm
−1.
To analyze the convergence of the interaction en-
ergy calculation, we present results obtained with sev-
eral methods in Fig. 1. The second-order many-body
(Møller-Plesset) perturbation theory (MP2) [60] repro-
duces 51.0% of V corre . Surprisingly, the configuration
interaction method including single and double excita-
tions (CISD) [41] reproduces only 39.6% of V corre , while
inclusion of the Davidson correction (CISD+Q) [41] im-
proves it to 62.5%. The coupled cluster method includ-
ing single and double excitations (CCSD) [59] reproduces
96.8% of V corre , while the inclusion of noniterative triple
excitation (CCSD(T)) [59] improves it to 99.6%. The
multireference configuration interaction method includ-
ing single and double excitations (MRCISD) [61] repro-
duces 100.4% of V corre . The poor performance of the
CISD method, as compared to CCSD and MRCISD, in-
dicates a significant contribution from the interaction be-
tween electron-correlated parts of the atomic wave func-
tions.
The final well depth of the nonrelativistic interaction
potential within the Born-Oppenheimer approximation
is −231.3(3) cm−1. The correlation of 1s electrons of
Na accounts for −0.36 cm−1 at Re. The noniterative
triple excitations in the CCSD(T) method contributes
−12.35 cm−1, while the remaining part of the triple ex-
citations accounts for −1.46(5) cm−1. The noniterative
quadruple excitations in the CCSDST(Q) method con-
tributes −0.16(5) cm−1. The estimated contribution of
quintuple and higher-level excitations from the CCSD-
STQ(P) method is −0.05(5) cm−1. Calculations with
the RHF, MP2, CISD, MRCISD, CCSD, and CCSD(T)
methods employ the aug-cc-pCV6Z basis set augmented
by the midbond functions to accelerate convergence to-
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FIG. 2. (a),(b) Higher-level-excitation, core-electron-
correlation, relativistic, QED, and adiabatic corrections to
the Born-Oppenheimer interaction energy. (c) Difference be-
tween the experimental V Exp(R) [17] and present V The(R)
PECs. Shaded area represents the uncertainty of the present
PEC. See the text for details.
ward the CBS limit. Calculations with the CCSDT
method use the aug-cc-pCVnZ basis sets extrapolated
to the CBS limit. Calculations with the CCSDT(Q) and
CCSDTQ(P) methods use the aug-cc-pCVTZ and aug-
cc-pVDZ basis sets, respectively.
Relativistic correction. The leading relativistic ef-
fects, proportional to α2 [62], are included using the
second-order direct perturbation theory (DPT) [47],
which is equivalent to the inclusion of the mass-velocity,
one-electron Darwin, and two-electron Darwin terms in
the Breit-Pauli approximation [63]. The remaining Breit
(spin-spin and orbit-orbit) term is approximated by the
Gaunt correction [64, 65], while the spin-orbit term is
zero for the 3Σ state. The DPT calculation employs the
wave function at the CCSD level and aug-cc-pCVnZ basis
sets extrapolated to the CBS limit. The Gaunt correction
is calculated as a difference between the interaction ener-
gies obtained with the four-component Dirac-Coulomb-
Gaunt and Dirac-Coulomb Hamiltonians [66] with the
wave function at the RHF level [67] and all-electron rel-
ativistic quadruple-zeta basis sets [68]. The calculated
total relativistic correction is plotted in Fig. 2(a) and
takes the value of 1.51(10) cm−1 at Re. The reported
uncertainty counts for both the numerical uncertainty
of the present calculation and the lack of inclusion of
higher-order terms in the Hamiltonian and wave func-
tion. The mass-velocity term contributes 4.71 cm−1, one-
and two-electron Darwin terms contributes -3.39 cm−1
and 0.05 cm−1, while the Gaunt correction contributes
0.14 cm−1 of δVrel at Re.
QED correction. The leading quantum electrody-
namics effects, i.e. the Lamb shift proportional to α3
and α3 lnα [48], are estimated using the molecular
one-electron Darwin term D1 obtained in the Breit-
Pauli approximation, as described in the previous para-
graph, and Bethe logarithm ln k0 [39, 48]. The molec-
ular Bethe logarithm is approximated by ln kNaLi0 =
(ln kLi0 D
Li
1 + ln k
Na
0 D
Na
1 )/(D
Li
1 + D
Na
1 ) [27], where the
atomic Bethe logarithms are ln kLi0 = 5.17817(3) and
ln kNa0 = 7.7845 [69, 70]. Thus, the dominant one-
electron contribution to the molecular Lamb shift is given
by δVQED =
8α
3pi (
19
30 −2 lnα− ln k
NaLi
0 )D
NaLi
1 (R). The cal-
culated QED correction is plotted in Fig. 2(b) and takes
the value of -0.05(4) cm−1 at Re. The reported uncer-
tainty counts for both the numerical uncertainty of the
present calculation and the lack of inclusion of higher-
order terms.
Adiabatic correction. The diagonal adiabatic (Born-
Oppenheimer) correction, which is the leading correction
beyond the Born-Oppenheimer approximation, is calcu-
lated using the first-order perpetration theory [49] with
the wave function at the CCSD level [71] and aug-cc-
pCV5Z basis sets. The adiabatic correction is presented
in Fig. 2(b) and takes the value of 0.06(2) cm−1 at Re.
Additionally, we conservatively estimate the uncertainty
due to the unknown nonadiabatic corrections to have a
value of 30% of the calculated adiabatic correction [72].
Total interaction potential. Finally, the well depth of
PEC for the a3Σ+ electronic state is De = 229.9(5) cm
−1
and the equilibrium distance is Re = 8.924(6) bohr.
Present results are more than an order of magnitude
more accurate than previous theoretical results for the
potential well depth [73–76]. The present value of the
well depth agrees well with analytical fit to experimental
dataDe=229.753 cm
−1 [17], however the experimental fit
used the rovibrational levels with j = 0 and the older less-
accurate theoretical value of Re=8.88463 bohr. Thus, de-
spite the experimental PEC [17] reproduces the potential
volume and measured vibrational energies accurately, its
shape and associated rotational energies may be less ac-
curate. In Fig. 2(c), we plot the difference between the
experimental and present PECs. The difference is larger
than present uncertainties except for distances around
Re. Using the present Re in the experimental fit (i.e., the
shift of 0.039 bohr) reduces the difference significantly,
which still is larger than the present uncertainties. The
experimental potential is too deep for R < Re and too
shallow for R > Re.
Scattering length. The calculated PEC for the a3Σ+
electronic state describes ground-state spin-polarized
23Na+6Li collisions. In the ultracold regime, scatter-
4TABLE I. Well depth De, dissociation energy D0, and scat-
tering length as for
23Na+6Li in the a3Σ+ electronic state
obtained with potentials at different levels of theory.
Potential De (cm
−1) D0 (cm
−1) as (bohr)
V
CCSD(T)
BO 229.60(15) 207.96(14) −78
+15
−19
V
CCSD(T)
BO +δV
T
BO 231.06(20) 209.34(19) −143
+35
−57
V
CCSD(T)
BO +δV
T
BO +δV
QP
BO 231.27(30) 209.53(28) −155
+43
−77
VBO+δVrel 229.76(40) 208.10(38) −81
+21
−34
VBO+δVrel+δVQED 229.81(44) 208.15(42) −82
+23
−37
VBO+δVrel+δVQED+δVad 229.87(48) 208.21(46) −84
+25
−41
Exp. [42] - - −76±5
Exp. [17] 229.753 208.0826(3) −74
ing is fully characterized by the s-wave scattering length
as [40]. We calculate this property by solving numer-
ically exactly the Schro¨dinger equation for the nuclear
motion within the S-matrix formalism [77, 78]. Atomic
masses are used [79]. The calculated PES is connected
at R = 40 bohr with the long-range multipole expansion
of the dispersion interaction given by C6 = 1467(2) a.u.,
C8 = 98800(1100) a.u., and C10 = 9.16 × 10
6 a.u. coeffi-
cients [80, 81]. The long-range expansion agrees within
1% with the calculated PEC for R = 30-40 bohr with the
difference < 0.001 cm−1 at R = 40 bohr. The numerical
uncertainty of scattering length calculation contributes
less than 1 bohr of its value. Thus, the uncertainty of the
calculated PEC is the main source of the uncertainty of
the scattering length.
The scattering length obtained with PEC calculated
at different levels of theory is presented in Table I. Sur-
prisingly, due to the accidental error cancellation, al-
ready the nonrelativistic potential with the CCSD(T)
method gives −78+15
−19 close to the experimental value
of −76(5) [42]. Inclusion of the full triple excitations
changes as by −65(4) bohr, while higher-level excita-
tions contribute −12(6) bohr. The leading relativistic
correction changes as by 74(5) bohr. Finally, the lead-
ing QED and adiabatic corrections contribute −2(1) bohr
and −2(1) bohr, respectively. The final scattering length
is −84+25
−41 bohr.
Vibrational structure. There are 11 vibrational lev-
els (v, j=0) supported by the a3Σ+ electronic state
of the 23Na6Li molecule [17]. We calculate these vi-
brational levels using numerically exact diagonaliza-
tion of the Hamiltonian for the nuclear motion within
the discrete variable representation (DVR) [82]. The
dissociation energy of the ground rovibrational level
(v=0,j=0) obtained with the most accurate PEC is
D0=208.2(5) cm
−1 in good agreement with the experi-
mental value of 208.0826(3) cm−1. The convergence of
the dissociation energy with the small contributions to
the interaction energy is presented in Table I.
Calculated binding energies of all 11 vibrational levels,
TABLE II. Calculated vibrational binding energies EThe
v
of
the 23Na6Li molecule in the a3Σ+ electronic state (in cm−1)
compared to the experimental results EExp
v
from Ref. [17].
v E
The
v
E
Exp
v
E
The
v
− E
The
v+1 E
Exp
v
− E
Exp
v+1
0 208.2(5) 208.0826(3) 40.19(3) 40.172(1)
1 168.0(4) 167.910(1) 36.01(4) 35.988(3)
2 132.0(4) 131.922(2) 31.77(4) 31.753(3)
3 100.2(3) 100.169(1) 27.45(4) 27.440(3)
4 72.9(3) 72.730(2) 23.03(4) 23.008(3)
5 49.8(3) 49.722(1) 18.53(4) 18.512(2)
6 31.2(2) 31.210(1) 13.98(5) 13.960(2)
7 17.3(2) 17.250(1) 9.49(6) 9.482(2)
8 7.77(12) 7.768(1) 5.36(6) 5.354(2)
9 2.42(6) 2.4137(3) 2.10(5) 2.1018(7)
10 0.314(17) 0.3119(3) - -
together with their experimental values [17], are collected
in Table II. The root-mean-square deviation (RMSD) of
calculated values from the experimental ones is 0.07 cm−1
(0.2%). We also calculate the vibrational excitation en-
ergies Ev − Ev+1, which RMSD is 0.013 cm
−1 (0.07%).
The calculated fundamental vibrational excitation en-
ergy is 40.19(3) cm−1 in good agreement with the ex-
perimental value of 40.172(1) cm−1. The vibrationally
averaged interatomic distance 〈R〉v for the most deeply
and weekly bound vibrational levels is 9.139(3) bohr and
29.4(3) bohr, respectively.
The PEC from Ref. [17], which is the fit to the exper-
imental data, reproduces vibrational binding and excita-
tion energies with RMSD of 0.024 cm−1 and 0.023 cm−1.
If the present PEC is uniformly rescaled by 0.9995,
then it reproduces experimental vibrational binding
and excitation energies with RMSD of 0.010 cm−1 and
0.006 cm−1, respectively. The corresponding scattering
length is −80 bohr. Such a rescaling procedure does not
reduce the difference between the present and experimen-
tal PECs in Fig. 2(c) significantly, highlighting that the
present theoretical shape of PEC with the well-estimated
uncertainties should be more accurate than the experi-
mental one.
Rotational structure. We also calculate the rovibra-
tional states for non-zero rotational angular momenta.
The two lowest rotational excitation energies are
E(v=0,j=0)→(v=0,j=1) = 9.231(6)GHz ,
E(v=0,j=0)→(v=0,j=2) = 27.688(18)GHz .
The second value agrees well with the sole experimen-
tal value of 27.7(1)GHz [17]. The calculated rotational
constant is B0 = 4.616(3)GHz. The present theoretical
rotational excitation energies are more accurate than the
recent experimental measurement [17] and can guide fu-
ture spectroscopic studies. We predict the existence of
243 rovibrational levels in total.
5Static electric dipole moment and polarizability. In-
termolecular interactions and interactions with an exter-
nal electric field are governed, in the first order, by the
molecular electric dipole moment, which for the vibra-
tional ground state of the 23Na6Li molecule in the a3Σ+
state, we calculate to be 0.167(1) debye in the molec-
ular frame oriented from Li to Na. In the second or-
der of perturbation theory, the isotropic and anisotropic
components of the molecular polarizability tensor are im-
portant, which for the vibrational ground state, we pre-
dict to be 364(3) a.u. and 273(3) a.u. The presented
static electric properties are obtained with the finite field
approach and the CCSD(T) method with the relativis-
tic Douglas-Kroll-Hess correction [62] and aug-cc-pCV6Z
basis sets, and they agree well with previous theoretical
results [19, 83, 84].
Other small corrections. Because the studied elec-
tronic state has a non-zero electronic spin, three other
small corrections contribute to the rovibrational spec-
trum of the 23Na6Li molecule in the a3Σ+ state. The
interaction-induced variation of the hyperfine coupling
between electronic and nuclear spins is expected to be
smaller than 0.0005 cm−1 [15]. The spin-rotation cou-
pling between the total electronic spin and molecular ro-
tation is expected to be smaller than 0.005 cm−1 [85, 86].
Finally, the spin-spin coupling due to the magnetic dipo-
lar and second-order spin-orbit interactions is expected
to be smaller than 0.01 cm−1 [86, 87]. Thus all these cor-
rections can be neglected in the presented calculation of
the rovibrational spectrum and scattering length.
Summary. We have reported the accurate calcula-
tion of the interaction energy and rovibrational struc-
ture of the 23Na6Li molecule in the triplet a3Σ+ elec-
tronic state. We have reached spectroscopic accuracy
(< 0.5 cm−1) using state-of-the-art ab initio methods of
quantum chemistry without any adjustment to experi-
mental data. We have calculated and benchmarked the
importance of higher-level excitations, core-electron cor-
relation, relativistic, QED, and adiabatic corrections to
reproduce accurately scattering and spectroscopic prop-
erties. We have demonstrated that not only the leading
relativistic effects but also the leading QED and adiabatic
corrections are essential. We have predicted the dissocia-
tion energy and the scattering length in good agreement
with experimental data. Finally, we have shown that
the recent experimental potential obtained as a fit to the
highly accurate vibrational spectrum [17] had used an
inaccurate equilibrium distance. Therefore, to calculate
the rotational spectrum, we recommend using the present
equilibrium distance or the present potential. The fea-
sible improvements of theoretical methods and compu-
tational power may allow to directly test many-electron
relativistic and QED theory using scattering experiments
and precision spectroscopy with ultracold molecules in
the future.
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